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Bayesian Image Recovery for Dendritic Structures
Under Low Signal-to-Noise Conditions

Geoffrey Fudenberg and Liam Paninski

Abstract—Experimental research seeking to quantify neuronal
structure constantly contends with restrictions on image resolu-
tion and variability. In particular, experimentalists often need to
analyze images with very low signal-to-noise ratio (SNR). In many
experiments, dye toxicity scales with the light intensity; this leads
experimentalists to reduce image SNR in order to preserve the
viability of the specimen. In this paper, we present a Bayesian
approach for estimating the neuronal shape given low-SNR ob-
servations. This Bayesian framework has two major advantages.
First, the method effectively incorporates known facts about 1) the
image formation process, including blur and the Poisson nature of
image noise at low intensities, and 2) dendritic shape, including the
fact that dendrites are simply-connected geometric structures with
smooth boundaries. Second, we may employ standard Markov
chain Monte Carlo techniques for quantifying the posterior
uncertainty in our estimate of the dendritic shape. We describe
an efficient computational implementation of these methods and
demonstrate the algorithm’s performance on simulated noisy
two-photon laser-scanning microscopy images.

Index Terms—Bayes procedures, image restoration, Monte
Carlo methods.

I. INTRODUCTION

N neuroscience, what we see often limits what we know. Im-
I proving imaging capabilities holds great promise for inno-
vative experimental work. For example, quantitative analysis of
dendritic spine morphology has the potential to teach us a great
deal about synaptic transmission [1], [2] and long-term synaptic
plasticity [3]. The opportunities for insight into the function of
dendritic spines have already spurred computational work on
automated analysis of dendritic spine morphology [4] [8].
Clearly, quantitative experiments can directly bene t from
improved imaging procedures. In lieu of designing a new
imaging apparatus, this paper focuses on methods for making
better use of currently obtainable data, especially within a
sparse low signal-to-noise (SNR) regime. As a key example, we
focus on algorithms for recovering two-photon laser scanning
microscopy (TPLSM) images. While TPLSM offers increased
optical resolution without increased phototoxicity as compared
with conventional confocal microscopy [9], phototoxicity
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persists within the focal slice and limits attainable resolution:
to avoid damaging the sample, imaging at long time scales or
high intensities is impossible. Since photon detection during
imaging can be modeled as a Poisson process [10], in which
the signal-to-noise varies directly with the total number of
photons absorbed, these biophysical limitations on the maximal
intensity force us to deal with low-SNR images.

In general, the image recovery problem may be posed as fol-
lows: we make noisy, blurred observations of some underlying

true neural shape S, Schematically

Iobs = Strue * W + noise

where I,,s denotes the observed image data, and x denotes a
convolution by w, the point-spread function (or PSF) and our
goal is to recover the true input image as faithfully as possible.
Of course, exact recovery of this true input image is rarely fea-
sible, and so we also need to know how uncertain we are about
our estimate: in a sense, we would like to put errorbars around
our estimate .

Many groups have contributed to the general problem of
restoring noisy blurred images using maximum likelihood
(ML) approaches [11], [12]. For the case of Poisson noise,
Richardson and Lucy [13], [14] independently introduced iter-
ative deconvolution algorithms. Signi cant research has been
devoted to developing Bayesian statistical machinery for use in
astrophysical [15] and medical imaging problems, especially
positron emission tomography (PET) [16], [17].

We build upon this extensive previous imaging literature by
incorporating important prior information about dendrites. In
particular, we know that dendrites are simply connected geo-
metrical structures, with fairly smooth boundaries. We may fur-
ther restrict our attention to binary images: a given pixel may
be either inside or outside the dendrite.1 Furthermore, we focus
our attention on cases where it is possible to generate an initial
binary image with the correct topology. Thus, conceptually, to
recover the true neural shape we need only search over the space
of topologically equivalent binary images with smooth bound-
aries (of course, we do not attempt a brute-force search over
this space, which would be computationally impractical). By
combining the statistical model for image degradation with this
a priori information, we can apply powerful likelihood-based
tools from Bayesian statistics to the problem of optimally re-
covering dendritic shape (including spine size, etc.). In partic-
ular, we develop ef cient Markov chain Monte Carlo (MCMC)

INote that this is equivalent to the assumption that neuronal uorescence is
uniform inside the neuron, i.e., the dye concentration equilibrates completely.
This assumption has been debated in the literature [18], [19] but provides a rea-
sonable starting point for the analysis presented here.
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methods for computing the optimal estimate of the underlying
neuronal shape, while at the same time quantifying our uncer-
tainty about this estimate.

Il. BLURRED POISSON IMAGE FORMATION MODEL

We begin by describing our model of how the observed
image depends on the true underlying neuronal shape. De ne
Ips(s, t,u) to be the photon count observed in the (s, ¢, u)th
pixel, and S;,ue(z,y, 2) to be the true underlying (unobserved)
neuronal shape: Siue(z,, 2) is either one or zero, depending
on whether the location (z,y,z) is inside or outside of the
neuron, respectively. (Note that the pixelization of Si,ue IS
user-de ned we can attempt to reconstruct the neuronal shape
at any resolution we desire  while the pixelization of I, is set
by the imaging apparatus. Therefore, the observed pixelization
may generally be coarser than that of S, ye.)

The observed photon counts per pixel I,ps(s,t,u) are as-
sumed to be discretized observations of a Poisson process; the
rate of each individual Poisson count at pixel (s, t,u) is given
by the convolution

(s,t,u)
s+ds/2 t+dt/2 u—l—(lu/2
/ / out + (/\in - /\out)
s—ds/2 Jt—dt/2 Ju— (lu/2
Strue(2, Y, 2)]w(s — x,t — y,u — z)dzdydz ()

where w(z, vy, z) is the point-spread (blur) function, or PSF, and
Aout Fepresents the baseline uorescence outside of the neuron
and A;, represents the internal uorescence; typically, A
greater than .. A reasonable de nition of the signal-to-noise
ratio here is
/\in - /\out

\Y )\out

this is the difference between the mean uorescence inside and
outside the neuron, normalized by the standard deviation of the
baseline (extracellular) photon count in a pixel of size one.

The image space S is the space of all binary simply connected
shapes; that is, all possible shapes S such that S(z,y, z) is ei-
ther one or zero (inside or outside the neuron, respectively) and
such that the interior (the collection of pixels (z, y, 2) satisfying
S(z,y,z) = 1) is simply connected: we may connect any two

inside pixels by a (possibly curved) continuous path which
lies entirely inside the neuron. Thus, we implicitly assume that
the pixelization (x,y, z) is suf ciently ne that no pixels are
partially inside and partially outside the neuron. We further as-
sume (as discussed in the introduction above) that the uores-
cent dye is fully equilibrated in the sample: there are no spatial

uctuations in Ay, (caused, e.g., by uctuations in internal dye
concentration) or Agys.

Thus, the model is fully speci ed by the parameters
(S, Ains Aout, w). This model is fairly standard in the imaging
literature, and may be extended in a straightforward manner in a
number of natural ways: non-Poisson noise, nonhomogeneous
blurring, nonhomogeneous baseline uorescence, etc. However,
for simplicity we will only treat the homogeneous Poisson case

SNR =
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here. We will further assume the parameters (Ain, Aout, w(-, *))
to be known properties of the uorescent dye and imaging
apparatus, respectively (though of course we may in general
attempt to simultaneously infer these parameters, too; e.g.,
Fig. 5). Finally, we will restrict our attention to the 2-D case for
illustrative purposes.

I1l. COMPUTING THE LIKELIHOOD

Now that our model is de ned properly, our task is to quantify
the posterior distribution p(.S | Iobs, Ains Aout, w) OVer neuronal
shapes S given the observed data I,,s and the imaging parame-
ters (Ain, Aout, w). By Bayes rule, we know that we can express
this posterior as a normalized product of two terms

p(S | Iobs: )‘ina )\mﬁ: U)) o8 p(Iobs | S: )‘ina )\out,; U))p(S)

where the rst term is the likelihood of observing I,,s given S
and the second term is the prior probability of S.

We will begin by examining the likelihood. Our model states
that the photon counts in each individual pixel constitute inde-
pendent Poisson random variables. Thus, the likelihood of ob-
serving a count of n; in the ith pixel is given by the Poisson
distribution with rate \;

=X\
Poiss(n; | \i) = ¢ - ?\‘

7.

n; =0,1,2,...

where ); is calcuated via (1). Now, to obtain the likelihood of
the observed array {n;} of counts (where 7 indexes every pixel
in Ions(s, t,u)), we simply form the product

e

%

p(Iobs | S: )\irn )\out,: U))

It is convenient to work with the log-likelihood instead

2:(71Z log A —A;)+const.  (2)

i

logp(lobs | 57 )‘in7 /\out7 ﬂ}) =

where the constant does not depend on .S, and may, therefore,
be ignored.

IV. MAXIMUM LIKELIHOOD ESTIMATION

Before we describe methods for computing the poste-
rior p(S | Ions), it is worth examining the somewhat simpler
problem of computing the maximum likelihood estimate for S

5 S
SMLE argr;lg;cp( obs | S)

(we have suppressed the dependence of the likelihood function
p(Iobs | S) on the imaging parameters (Ain, Aout, w) for sim-
plicity).

To compute S”MLE, we must search over the image space S.
Of course, this space is far too large to search directly; thus,
some kind of local search algorithm is necessary. We will de-
scribe the simplest version of this local search, in which we it-
eratively change the state of one pixel at a time in our current
estimate of the true underlying neuronal shape S. It is important
to note that S is connected: any two simply connected shapes

Authorized licensed use limited to: IEEE Xplore. Downloaded on March 23, 2009 at 17:38 from IEEE Xplore. Restrictions apply.



FUDENBERG AND PANINSKI: BAYESIAN IMAGE RECOVERY FOR DENDRITIC STRUCTURES UNDER LOW SIGNAL-TO-NOISE CONDITIONS 473

Fig. 1. [lustration of iterative pixel- ipping algorithm. Top Left: Raw sample image of a dendrite segment (courtesy of R. Araya and R. Yuste); colorbar indicates
the observed counts per pixel. Image taken at 30 pixels per micron. Top Right: A sample , showing interior (gray and white), exterior (black), and boundary set
(white) pixels. The rectangle encloses the area around the pixels displayed in the lower three panels. Lower Panels: These three panels illustrate a local area of
the neuron before and after ipping a selected edge set pixel from inside to outside the neuron. Left: We begin by randomly choosing a pixel in the boundary set
(dark grey pixel marked with black X). Middle: Negative signs mark possible removals in the neighborhood of the selected pixel; positive signs show
possible ips which would add exterior neighbors. Gray symbols are the allowed ips (these do not violate simple connectivity), while the white symbol marks a

forbidden ip: adding this pixel would create a hole in
Right: The edge set has been updated upon removing the allowed gray

are topologically equivalent, in the sense that we can continu-
ously deform one shape into another (no tearing or gluing
is allowed). In this setting, continuous deformations are con-
structed by composing a sequence of single pixel ipswhich do
not tear S (break itup intotwo disconnected pieces) or glue
S on itself (form a loop of the dendritic shape onto itself). How-
ever, while the underlying space S is connected in this sense,
the likelihood function typically has many local optima, and,
therefore, local search techniques must be supplemented with a
randomized or multistart strategy (e.g., simulated annealing) in
order to nd the global optimum. We provide details of the local
search strategy in the following subsections. For information on
our particular initialization procedure, see the Appendix.

A. Boundary Set

On each iteration, we choose a pixel randomly and decide
whether ornotto ip it(i.e., add the pixel to the interior set if
it is currently outside, or remove the pixel if it is inside). Before
deciding whether or not to ip a given pixel, we must rst test
whether ipping the pixel will preserve the simply connected
structure of S. Clearly, we are not allowed to ip pixels which
are not located on the boundary of S, since ipping a pixel which
is not touching .S will create a disconnected shape (the current .S
plus a disconnected pixel), and ipping a pixel which is on the
interior of .S but not on the boundary will form a hole, therefore
breaking the simple connectivity of S. Thus, we may restrict our
attention to the boundary set of S: the set of all pixels which are

, violating simple connectivity. If a proposed
pixel.

ip is accepted, elements of the edge set must be updated.

in the interior of .S but which contact at least one pixel on the
exterior. For concreteness, we say that a pixel contacts another
if they are direct neighbors either horizontally or vertically (i.e.,
diagonal contacts are not considered). An example of an edge
pixel ip is shown in Fig. 1.

After each accepted ip, we must update the boundary set, by
removing any pixels in the interior which are now not touching
the exterior and adding any interior pixels which are now on the
boundary. As we discuss below, this is a local computation: we
do not need to rescan the entire image after each accepted ip;
instead, we need only check the four neighbors of the ipped
pixel.

B. Simple Connectivity Constraint

Each possible ip is checked to ensure maintenance of the
simple connectivity constraint. While simple connectivity is a
global topological constraint, we can enforce it locally in two
dimensions [20]. Mathematically, this is possible by forbidding
topological changes: ips which either cut a region in two
(tearing) or join two unconnected regions together (gluing).
We may check these constraints in a computationally ef cient,
local manner by requiring the number of connected regions
in a 3 x 3 neighborhood of the proposed pixel (i.e., the eight
horizontal, vertical, and diagonal neighbors) to remain constant
when we ip the pixel from the neuron.

This check on the connectivity may be performed using, e.g.,
the bwlabel.m function in Matlab, which serves to count all the
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connected regions in a given image. However, it is inef cient to
perform this check every time we want to ip a pixel. Instead,
we cache 3 x 3 patches that we have tested previously, along
with whether the ip was accepted or not. Now for each new
patch that we need to test, we need only check to see if we have
checked this patch before, and if so, whether it led to a valid ip.

In the data we present, we assume only one neuron is la-
beled. This has an important correspondence with experiments,
as some techniques label single neurons, while others typi-
cally label many cells. However, our algorithm maintains the
topology of initialization  if two neuronal structures started out
next to each other, but were separate, then the algorithm would
keep them separate. Again, this behavior relies on the fact that
by rejecting changes in local topology, we maintain global
topology. If the algorithm was used to recover an area with two
nearby neurons, and was initialized with separated shapes, it
might incorrectly assign a spine to the wrong neuron leading
to a less favorable recovery but the two structures would
remain separate.

C. Local Updating of the Loglikelihood

Once we have decided that a given pixel ip is acceptable
(i.e., it maintains simple connectivity of S), we need to decide
whether the ip will increase the likelihood. In a strict ascent
algorithm, we will only accept a ip if it increases the likeli-
hood function, while in a simulated annealing (randomized) al-
gorithm, the probability of accepting a ip increases as a func-
tion of the ratio between the likelihood of S after and before the

ip. In either case, we need to compare the post ip and pre ip
likelihood.

Computing the log-likelihood (2) requires that we compute
A; (1) and then perform a sum over all pixels . However, if the
point-spread function w( - ) has nite support, then updating the
log-likelihood requires just a simple (fast) local computation. To
see this, we expand the log-likelihood ratio

p(Iobs | Safter)
p(Iobs | Sboforc)
= logp(lobs | Saftcr) - logp(lobs | Sboforc)

=3 (nilog A — ()
—iz (1 Tog ALr) — Aot

- Z[" (log AL log Ag"‘*f‘"e))
_ ( Aaften) /\gbefor@)]

= 5™ [ (tog ) o)
_j ( ,\j(aftor) _ Agbcfor@)]

— Z n; (10g /\](.aftcr) _ 10g /\](_bcforc))

_JZ (/\](.aftcr) B )\;bcforo))

J

log
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where the sum over j is only over those pixels for which
/\§.after) + Aﬁbefore). In many applications, w( - ) is only a few
pixels wide, and, by linearity of convolution, changing one
pixel in S will only affect A over a few pixels. The sum over j
will be much smaller (and faster to compute) than the sum over
1. Furthermore, the second sum in the last line above is in fact
a constant, again by linearity of convolution

Z (/\J(Iaftcr) — )\;bcforo)> = ﬂ:(/\in - )\out)W
J
where W is the space integral of the point spread function w( - )
and the £ is taken to be positive when the pixel is ipped in
(added to the interior set) and negative when the pixel is ipped
out (removed from the interior). So, nally, we obtain

IO S alter
log P(Lobs | Safter)
p(Iobs | Sboforo)

after before
= an (log )\5- ter) _ log)\g- )) £ (Ain — Aout)W.
J

Finally, note that we only need to compute A ; for pixels such that
n; 1S positive. We achieve this by employing sparse matrices to
store the location of positive n; for a tested pixel as we sample
from S. Thus, updates for the loglikelihood may be computed
quite quickly.

D. Direct Maximum Likelihood Performs Poorly

The performance of the maximum likelihood estimator S‘MLE
is illustrated in Fig. 2. We started with the binary test image
Sirue 0N the left, then convolved this image with an isotropic
Gaussian point-spread function w( -) (the standard deviation
of this Gaussian was taken to be 3 pixels here), then sampled
photon counts n(z,y) from the blurred Poisson model as de-
scribed above. The images of S”MLE are arranged opposite data
with increasing SNR below the true shape. The top row uses
Ain = 2Xout, the middle row uses \;,, = 5\,ut, and the bottom
row uses A, = 500\,,¢. For each set of data we computed
SMLE by direct ascent methods, but similar results are observed
when various forms of simulated annealing are employed.

The main result evident here is that directly computing ﬁMLE
leads to rather poor image recovery in the low-SNR regime.
Roughly speaking, the MLE tries to include all pixels where
many photons have been detected and to exclude all pixels in
which no photons are detected; under the simple-connectivity
constraint, this behavior leads to the undesirable tendril (high
perimeter-to-area ratio) structures seen in Fig. 2. This behavior
is in fact evident over a fairly wide range of SNR regimes; only
when the SNR is high enough does the MLE become a viable
estimator for S.

V. PENALIZED MAXIMUM LIKELIHOOD LEADS TO BETTER
IMAGE RECONSTRUCTION

Given our prior knowledge about the relative smoothness of
neuronal edges, we know that the overly hairy recovered neu-
ronal shape shown in Fig. 2 is inaccurate. We would like to
build this a priori information directly into our estimator. One
direct and fairly classical way to do this is to maximize a penal-
ized likelihood instead of maximizing the likelihood directly:
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Fig. 2. Unpenalized MLE gives an overly stringy estimate of the underlying neuron shape. This gure shows how MLE performance scales with increasing

SNR. The left column displays o
The top row uses ou » the middle row uses

(simulated) with increasing SNR generated by the blurred Poisson model and the right column shows the corresponding .
ou , and the bottom row uses

ou - With low-SNR the unpenalized MLE clearly fails

to accurately recover the original image; note the undesirable tendril (high perimeter per area) structures. As SNR increases, however, the data more adequately

constrains recovery and approaches ..

we may obtain a smoother reconstruction by penalizing ip pro-
posals which make the edge more jagged. Thus, we maximize
the penalized loglikelihood

1ng(lobs | S) - Q(S) (3)

instead of just the loglikelihood log p(Zons | S). We want to
choose the penalty function Q(S) so that Q(.S) becomes larger
as S becomes more jagged. However, we constrain ourselves
to penalty functions Q which may be updated through strictly
local computations so that our iterative algorithm (which
requires many pixel ips) remains computationally tractable.
As usual, this penalized likelihood has a natural Bayesian
interpretation: if our prior distribution on images is of the form

p(S) o =)

then the penalized loglikelihood is just the log-posterior under
this prior, and the maximum penalized likelihood estimator is
equivalent to the maximum a posteriori estimator.

Fig. 3 illustrates the behavior of a penalized MLE on the data
shown in the middle row of Fig. 2. We found the following Q(S)
to be a simple, effective penalizer here:

Q(S) = a1Q1(5) + @2Q2(S5)
where

Q1(S) = number o exterior pixels neig boring
a member o t e boun ar seto S

2(S) = number o elements in t e boun ar set o S

and a; and ao are adjustable parameters. In this case, both
Q1(S) and Q2(S) serve to measure the roughness of the
boundary of S, and may both be computed ef ciently via
simple local computations (speci cally, counting the number
of pixels in or near the boundary set of S); we found empiri-
cally that a combination of these two penalties leads to better
recovery of the true shape S, since () alone favors rectan-
gular, blocky edges, while Q»(.S) selects for diagonal edges.
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